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7LPH DQG 6SDWLDO+DUPRQLF &RQWHQW LQ (OHFWULFDO
0DFKLQHV DQG LWV $SSOLFDWLRQ LQ )RXULHU%DVHG
0RGHOV
%HUW +DQQRQ 3HWHU 6HUJHDQW 0HPEHU ,((( /XF 'XSUH 0HPEHU ,(((
$EVWUDFW²$Q LQFUHDVLQJ LQWHUHVW LQ ERWK HI¿FLHQW HOHFWULFDO
PDFKLQHV DQG PRUH H[WHQVLYH FRQWURO VWUDWHJLHV GHPDQGV HYHU
PRUH IDVWHU VLPXODWLRQ WRROV 2QH RI WKH PRGHOLQJ WHFKQLTXHV
WKDW PHHWV WKLV GHPDQG LV )RXULHUEDVHG PRGHOLQJ +RZHYHU
HYHQ )RXULHUEDVHG PRGHOV PD\ HQFRXQWHU SUREOHPV UHODWHG WR
&38 XVDJH 7R FRSH ZLWK WKHVH SUREOHPV WKH DXWKRUV SUHVHQW
WKUHH VLPSOH WHFKQLTXHV WR UHGXFH WKH FRPSXWDWLRQDO WLPH RI
)RXULHUEDVHG PRGHOV IRU V\QFKURQRXV PDFKLQHV 7KH WHFKQLTXHV
DUH PDLQO\ EDVHG RQ D TXDOLWDWLYH NQRZOHGJH RI ZKLFK WLPH
DQG VSDWLDOKDUPRQLF RUGHUV DUH SUHVHQW LQ WKH PDFKLQH¶V
PDJQHWLF ¿HOG 7KH SURSRVHG WHFKQLTXHV DUH YDOLGDWHG DQG D
EHQFKPDUN WHVW KDV EHHQ SHUIRUPHG 7KH SRVVLEOH UHGXFWLRQ LQ
FRPSXWDWLRQDO WLPH VKRZV WR EH YHU\ ODUJH IRU WKH SUHVHQWHG
EHQFKPDUN FDVH VWXG\ XS WR D IDFWRU 
,QGH[ 7HUPV²(OHFWULF PDFKLQHV DQDO\WLFDO PRGHOV KDU
PRQLF DQDO\VLV
, ,1752'8&7,21
$OWKRXJK WKH LPSRUWDQFH RI WUDGLWLRQDO HOHFWULFDO PD
FKLQHV VXFK DV JULGFRQQHFWHG LQGXFWLRQ PDFKLQHV LV VWLOO
YHU\ ODUJH WKH GHPDQG IRU KLJKHU HI¿FLHQFLHV LV SXVKLQJ
HOHFWULFDO HQJLQHHUV WRZDUGV QHZ PDFKLQH WRSRORJLHV DQG
PRUH FRPSOLFDWHG FRQWURO VWUDWHJLHV 7KH GHYHORSPHQW DQG
LPSOHPHQWDWLRQ RI VXFK PDFKLQHV UHTXLUHV D JRRG XQGHUVWDQG
LQJ RI WKHLU SK\VLFV DQG RSHUDWLRQ 0RUHRYHU WKH GHVLJQ SUR
FHVV RI QHZ PDFKLQHV UHTXLUHV D IDVW DQG DFFXUDWH PRGHOLQJ
WHFKQLTXH VXLWHG IRU RSWLPL]DWLRQ SXUSRVHV 2QH PRGHOLQJ
WHFKQLTXH WKDW KDV UHFHQWO\ JDLQHG D ORW RI DWWHQWLRQ LV )RXULHU
EDVHG PRGHOLQJ >@±>@ 7KH UHDVRQ IRU LWV SRSXODULW\ LV
WKDW )RXULHUEDVHG PRGHOLQJ LV H[WUHPHO\ VXLWHG IRU ERWK WKH
VWXG\ DQG WKH GHVLJQ RI HOHFWULFDO PDFKLQHV ,QGHHG GHVSLWH
WKHLU DQDO\WLFDO FKDUDFWHU ZKLFK HQDEOHV ORZ FRPSXWDWLRQDO
WLPHV )RXULHUEDVHG PRGHOV DUH FDSDEOH RI DFFXUDWHO\ WDNLQJ
LQWR DFFRXQW FRPSOH[ SK\VLFDO SKHQRPHQD VXFK DV HGG\
FXUUHQW UHDFWLRQ ¿HOG >@ >@ DQG WKH VORWWLQJ HIIHFW >@ >@
0RUHRYHU )RXULHUEDVHG PRGHOV DOVR JLYH D JRRG LQVLJKW LQ
WKH PDFKLQH¶V SK\VLFV
% +DQQRQ LV ZLWK WKH (OHFWULFDO (QHUJ\ /DERUDWRU\ *KHQW 8QLYHUVLW\
*KHQW %HOJLXP HPDLO %HUW+DQQRQ#8*HQWEH
3 +DQQRQ 6HUJHDQW LV ZLWK WKH (OHFWULFDO (QHUJ\ /DERUDWRU\ *KHQW
8QLYHUVLW\ *KHQW %HOJLXP HPDLO 3HWHU6HUJHDQW#8*HQWEH
/ 'XSUH LV ZLWK WKH (OHFWULFDO (QHUJ\ /DERUDWRU\ *KHQW 8QLYHUVLW\
*KHQW %HOJLXP HPDLO /XF'XSUH#8*HQWEH
$V DOUHDG\ PHQWLRQHG RQH RI WKH PDMRU DGYDQWDJHV RI
)RXULHUEDVHG PRGHOV LV WKDW WKH\ FDQ EH YHU\ IDVW +RZHYHU
LI D GHPDQG IRU KLJK DFFXUDF\ LV FRPELQHG ZLWK FRP
SOH[ PDFKLQH WRSRORJLHV WKH FDOFXODWLRQ WLPH RI WUDGLWLRQDO
)RXULHUEDVHG PRGHOV PD\ EHFRPH XQDFFHSWDEO\ KLJK 7KLV
LV HVSHFLDOO\ WUXH ZKHQ WKH PRGHO LV XVHG IRU RSWLPL]DWLRQ
SURFHGXUHV
:LWK WKLV ZRUN WKH DXWKRUV ZDQW WR SURYLGH VLPSOH WHFKQLTXHV
WKDW DOORZ GHFUHDVLQJ WKH FRPSXWDWLRQDO WLPH RI )RXULHUEDVHG
PRGHOV ZLWKRXW DIIHFWLQJ WKHLU DFFXUDF\ %HFDXVH RI WKHLU
UHODWLYH LPSRUWDQFH LQ WKH VHJPHQW RI LQQRYDWLYH HOHFWULFDO
PDFKLQHV WKH IRFXV LQ WKLV ZRUN LV RQ 3HUPDQHQW0DJQHW
6\QFKURQRXV 0DFKLQHV 3060V
7KH VWXG\ LV PDLQO\ EDVHG RQ D SUHOLPLQDU\ NQRZOHGJH
RI ZKLFK WLPH DQG VSDWLDOKDUPRQLF FRPELQDWLRQV ZLOO EH
SUHVHQW LQ WKH FDOFXODWHG PDJQHWLF ¿HOG 7KH UHVXOWV RI WKH
FRQGXFWHG VWXG\ DUH YDOLGDWHG XVLQJ D )LQLWH(OHPHQW 0RGHO
)(0 $ EHQFKPDUNLQJ WHVW LV SHU IRUPHG WR FRPSDUH WKH
FRPSXWDWLRQDO WLPH RI WKH VWDQGDUG )RXULHUEDVHG PRGHO ZLWK
WKH RSWLPL]HG PRGHO
%HIRUH GLVFXVVLQJ WKH ZRUN VRPH JHQHUDO DVVXPSWLRQV
KDYH WR EH PDGH $V DOUHDG\ PHQWLRQHG WKLV SDSHU IRFXVHV
RQ 3060V +RZHYHU VXFK PDFKLQHV FRPH LQ D ODUJH YDULHW\
$OWKRXJK WKH ZRUN DSSOLHV WR D JUHDW PDMRULW\ RI )RXULHU
EDVHG PRGHOV IRU V\QFKURQRXV PDFKLQHV VRPH UHVWULFWLRQV
KDYH WR EH DGRSWHG
$ ¿UVW DVVXPSWLRQ LV WKDW WKH HQG HIIHFWV DUH QHJOHFWHG 7KLV
DVVXPSWLRQ LV FRPPRQ IRU DQDO\WLFDO PRGHOV DQG DOORZ IRU D
' DSSUR[LPDWLRQ
6HFRQGO\ WKH DSSOLHG FXUUHQW V\VWHP LV DVVXPHG WR EH D
EDODQFHG V\VWHP ZLWK DQ RGG QXPEHU RI SKDVHV
)RXUWKO\ DV LQ PRVW )RXULHUEDVHG PRGHOV VDWXUDWLRQ LV QRW
WDNHQ LQWR DFFRXQW
)LQDOO\ WKH URWRU LV DVVXPHG WR EH URWDWLQJ DW V\QFKURQRXV
VSHHG 7KLV LPSOLHV VWHDG\VWDWH RSHUDWLRQ
7KH DERYH DVVXPSWLRQV DUH OLVWHG DV
• 1R HQGHIIHFWV
• %DODQFHG V\VWHP ZLWK DQ RGG QXPEHU RI SKDVHV
• :LQGLQJ GLVWULEXWLRQ DFFRUGLQJ WR 626
• 1R VDWXUDWLRQ
• 6\QFKURQRXV RSHUDWLRQ
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7KH JRDO RI WKLV VHFWLRQ LV WR LQWURGXFH )RXULHUEDVHG
PRGHOLQJ 7KH GLVFXVVLRQ VWDUWV IURP WKH )RXULHU UHSUHVHQ
WDWLRQ RI WKH PDJQHWLF ¿HOG DV SUHVHQWHG LQ >@ 2EYLRXVO\
WKH PDJQHWLF ¿HOG LV QRW RQO\ GHSHQGHQW RQ VSDFH EXW RQ
WLPH DV ZHOO :KHQ EXLOGLQJ D )RXULHUEDVHG PRGHO WKLV WLPH
GHSHQGHQF\ FDQ EH DFFRXQWHG IRU GLUHFWO\ RU WKURXJK WLPH
VWHSSLQJ ERWK WHFKQLTXHV DUH EULHÀ\ GLVFXVVHG DW WKH HQG RI
WKLV VHFWLRQ
$ )RXULHU UHSUHVHQWDWLRQ RI WKH PDJQHWLF ¿HOG
)LJ  VKRZV D 3060 ZLWK D 6KLHOGLQJ &\OLQGHU 6&
7KH ODWWHU LV D FRQGXFWLYH VOHHYH WKDW LV ZUDSSHG DURXQG WKH
PDJQHWV >@ >@ ,W LV RIWHQ XVHG WR UHGXFH WKH URWRU ORVVHV
DW KLJKVSHHG RSHUDWLRQ EXW LW FDQ DOVR EH XVHG WR UHWDLQ WKH
PDJQHWV $OWKRXJK WKH SUHVHQWHG ZRUN DSSOLHV WR D EURDGHU
UDQJH RI 3060V DV H[SODLQHG LQ 6HFWLRQ , WKH PDFKLQH LQ
)LJ  ZLOO EH XVHG DV DQ H[DPSOH WKURXJKRXW WKH HQWLUH ZRUN
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)LJ  *HRPHWU\ RI D PDFKLQH ZLWK  VORWV DQG  SROH SDLUV
7KH PDJQHWLF ¿HOG LQ DQ HOHFWULFDO PDFKLQH KDV ERWK D WLPH
(t) DQG D VSDWLDO GHSHQGHQF\ ,W FDQ HDVLO\ EH VHHQ IURP
)LJ  WKDW WKH VKDSH RI WKH VWXGLHG PDFKLQHV OHQGV LWVHOI
WR XVLQJ D F\OLQGULFDO FRRUGLQDWH V\VWHP (r, φ, z) WR GHVFULEH
WKH PDJQHWLF ¿HOG ,Q WKH IROORZLQJ WKH VSDWLDO FRRUGLQDWH
V\VWHP LV ¿[HG WR WKH VWDWRU (r, φ, z) LV WKXV D VWDWRU UHIHUHQFH
V\VWHP 1RWH WKDW QHJOHFWLRQ RI WKH HQG HIIHFWV PHDQV WKDW WKH
PDJQHWLF ¿HOG LV LQGHSHQGHQW IURP WKH zFRRUGLQDWH
,I WKH PDFKLQH LV RSHUDWHG LQ VWHDG\VWDWH WKH PDJQHWLF ¿HOG
KDV D SHULRGLFLW\ RYHU WLPH 7KLV SHULRG LV FDOOHG WKH EDVLF
WLPH SHULRG (Tm) ,W LV WKH WLPH WKH URWRU QHHGV WR SHUIRUP
RQH PHFKDQLFDO UHYROXWLRQ ,W FDQ HDVLO\ EH VHHQ IURP WKH
PDFKLQH¶V JHRPHWU\ WKDW WKH PDJQHWLF ¿HOG KDV D VSDWLDO SH
ULRGLFLW\ RI RQH UHYROXWLRQ LH 2π UDGLDQV LQ WKH φ GLUHFWLRQ
7KLV SHULRG LV FDOOHG WKH EDVLF VSDWLDO SHULRG 2EYLRXVO\ WKH
VSDWLDO SHULRG FDQ EH VPDOOHU WKDQ 2π PHFKDQLFDO UDGLDQV EXW
IRU QRZ WKDW LV RI OLWWOH LPSRUWDQFH
7KH PDJQHWLF ¿HOG LV PRVWO\ H[SUHVVHG XVLQJ DX[LOLDU\ TXDQ
WLWLHV VXFK DV WKH PDJQHWLF VFDODU SRWHQWLDO (ψ) >@ >@ RU WKH
PDJQHWLF YHFWRU SRWHQWLDO ($) >@±>@ $V DOUHDG\ PHQWLRQHG
WKH PDJQHWLF ¿HOG DQG WKHUHE\ ψ DQG $ DUH LQGHSHQGHQW
IURP z LI WKH HQG HIIHFWV DUH QHJOHFWHG +RZHYHU QHJOHFWLQJ
WKH HQG HIIHFWV DOVR LPSOLHV WKDW $ RQO\ KDV D z FRPSRQHQW
$ = Az · H] = A · H] 
:KLFK RI ERWK DX[LOLDU\ TXDQWLWLHV LV FRQVLGHUHG KDV QR HIIHFW
RQ WKH IROORZLQJ GLVFXVVLRQV ,Q WKLV ZRUN WKH PDJQHWLF YHFWRU
SRWHQWLDO ZDV FKRVHQ EXW D FRPSOHWHO\ DQDORJXH UHDVRQLQJ
FDQ EH PDGH IRU WKH VFDODU SRWHQWLDO
8VLQJ WKH SUHYLRXVO\ PHQWLRQHG WLPH DQG VSDWLDO SHULRGLFLWLHV
WKH PDJQHWLF ¿HOG FDQ EH H[SUHVVHG ZLWK D )RXULHU VHULHV RYHU
WLPH DQG VSDFH
A(r, φ, t) =
∞∑
n=−∞
∞∑
k=−∞
An,k(r)e
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
,Q  n LV WKH WLPHKDUPRQLF RUGHU DQG k LV WKH VSDWLDO
KDUPRQLF RUGHU 7KH PDFKLQH¶V PHFKDQLFDO URWDWLRQDO VSHHG
LV GHQRWHG DV ωm
ωm =
2π
Tm

%HFDXVH RI WKH IDFW WKDW WKH PDJQHWLF ¿HOG KDV ERWK D WLPH
DQG D VSDWLDO GHSHQGHQF\ HYHU\ )RXULHU FRHI¿FLHQW An,k(r)
GHSHQGV RQ ERWK WKH WLPHKDUPRQLF RUGHU n DQG WKH VSDWLDO
KDUPRQLF RUGHU k 7KLV PHDQV WKDW WKH WLPH DQG VSDWLDO
KDUPRQLF RUGHUV VKRXOG QRW EH UHJDUGHG VHSDUDWHO\ EXW DV D
FRPELQDWLRQ 6XFK D WLPH DQG VSDWLDOKDUPRQLF FRPELQDWLRQ
LV UHIHUUHG WR DV (n, k) 7KH SDUW RI WKH ¿HOG WKDW LV UHODWHG
WR KDUPRQLF FRPELQDWLRQ (n, k) LV UHIHUUHG WR DV WKH (n, k)
FRPSRQHQW RI WKH PDJQHWLF ¿HOG ,I kφ − nωmt LV DVVXPHG
FRQVWDQW WKH URWDWLRQDO VSHHG RI WKLV FRPSRQHQW FDQ EH
FDOFXODWHG DV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7KH URWDWLRQDO VSHHG WKXV GHSHQGV RQ WKH n WR k UDWLR DQG
FDQ EH ERWK SRVLWLYH RU QHJDWLYH DV FDQ EH VHHQ IURP  DQG

% )RXULHUEDVHG PRGHOLQJ
7KH IDFW WKDW WKH PDJQHWLF ¿HOG FDQ EH ZULWWHQ DV D )RXULHU
VHULHV KDV EHHQ XVHG E\ D JUHDW QXPEHU RI DXWKRUV WR FRQVWUXFW
DQDO\WLFDO PRGHOV RI 3060V >@±>@ ,Q WKHVH )RXULHUEDVHG
PRGHOV 0D[ZHOO¶V HTXDWLRQV DQG WKH FRQVWLWXWLYH UHODWLRQV
DUH XVHG WR IRUPXODWH D GLIIHUHQWLDO HTXDWLRQ IRU WKH PDJQHWLF
VFDODU SRWHQWLDO RU WKH PDJQHWLF YHFWRU SRWHQWLDO )RU WKH
PDJQHWLF YHFWRU SRWHQWLDO WKLV GLIIHUHQWLDO HTXDWLRQ LV ZULWWHQ
DV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7R VROYH  WKH VXEGRPDLQ WHFKQLTXH LV DSSOLHG 7KLV WHFK
QLTXH GLYLGHV WKH PDFKLQH LQ D QXPEHU RI UHJLRQV FDOOHG
VXEGRPDLQV 7KH JRYHUQLQJ HTXDWLRQ LV JUHDWO\ VLPSOL¿HG LQ
HDFK RI WKH VXEGRPDLQV )LJ  VKRZV WKH VXEGRPDLQV LQ D
VORWWHG DQG LQ D VORWOHVV PDFKLQH 7KH\ DUH LQGLFDWHG ZLWK DQ
LQGH[ ν UDQJLQJ IURP  WLOO  LQ WKH VORWOHVV PDFKLQH DQG  WLOO
 LQ WKH VORWWHG PDFKLQH 1RWH WKDW LQ VORWWHG PDFKLQHV HYHU\
VORW DQG HYHU\ VORW RSHQLQJ LV D VHSDUDWH VXEGRPDLQ 7KHVH
GRPDLQV DUH UHSUHVHQWHG E\ LQGLFHV 4i DQG 5i ZKHUH i UHIHUV
WR WKH VORW QXPEHU 6XEGRPDLQ  LV WKH 6& 1RW HYHU\ PDFKLQH
LV HTXLSSHG ZLWK D VKLHOGLQJ F\OLQGHU KRZHYHU ZKHWKHU RU QRW
D 6& LV SUHVHQW LQ WKH PDFKLQH KDV QR LQÀXHQFH LQ WKLV ZRUN
1
2
3
4
D 6ORWOHVV PDFKLQH
1
2
3
4i
5i
E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)LJ  6XEGRPDLQV LQ VORWOHVV DQG VORWWHG PDFKLQHV
7KH VXEGRPDLQ WHFKQLTXH QRZ FRQVLVWV RI WZR VWHSV )LUVWO\
WKH VLPSOL¿HG GLIIHUHQWLDO HTXDWLRQV DUH VROYHG LQ HYHU\
VXEGRPDLQ 7KH UHVXOWLQJ VROXWLRQV IRU WKH PDJQHWLF YHFWRU
SRWHQWLDO DUH WKHQ LQGLFDWHG E\ $(ν) ,Q D VHFRQG VWHS WKH
LQWHJUDWLRQ FRQVWDQWV DUH GHWHUPLQHG E\ LPSRVLQJ SK\VLFDO
ERXQGDU\ FRQGLWLRQV LH $PSCHUH¶V ODZ DQG FRQVHUYDWLRQ RI
WKH PDJQHWLF ÀX[ %\ GRLQJ VR WKH GLIIHUHQW VXEGRPDLQV DUH
OLQNHG EDFN WRJHWKHU
7KH VROXWLRQ RI WKH VLPSOL¿HG GLIIHUHQWLDO HTXDWLRQ LV REWDLQHG
XVLQJ WKH VHSDUDWLRQRIYDULDEOHV WHFKQLTXH 7KH HTXDWLRQ IRU
WKH PDJQHWLF YHFWRU SRWHQWLDO ZLOO WKXV EH ZULWWHQ DV WKH
PXOWLSOLFDWLRQ RI D r D φ DQG D tGHSHQGHQW SDUW 7KH IRUP
RI WKHVH SDUWV GHSHQGV RQ WKH GLIIHUHQWLDO HTXDWLRQ DQG WKH
VSDWLDO SHULRGLFLW\ LQ WKH FRQVLGHUHG VXEGRPDLQ
7KH DFWXDO IRUP RI WKH rGHSHQGHQW LV QRW RI JUHDW LPSRUWDQFH
LQ WKLV ZRUN ,W LV KRZHYHU LPSRUWDQW WR QRWH WKDW WKH r
GHSHQGHQW SDUW FRQWDLQV WKH LQWHJUDWLRQ FRQVWDQWV LQWURGXFHG
ZKHQ VROYLQJ 
,Q 6HFWLRQ ,,$ WKH φGHSHQGHQW SDUW RI KDUPRQLF FRPELQD
WLRQ (n, k) ZDV ZULWWHQ DV ejkφ EDVHG RQ WKH DVVXPSWLRQ WKDW
WKH PDJQHWLF ¿HOG KDV D EDVLF VSDWLDO SHULRGLFLW\ RI 2π PH
FKDQLFDO UDGLDQV 7KLV QRWDWLRQ KROGV LQ WKH VXEGRPDLQV WKDW
VSDQ 2π PHFKDQLFDO UDGLDQV +RZHYHU LQ VORWWHG PDFKLQHV
WKH VXEGRPDLQ WHFKQLTXH LQWURGXFHV GRPDLQV WKDW GR QRW VSDQ
WKH HQWLUH 2π PHFKDQLFDO UDGLDQV LH WKH VORW RSHQLQJV DQG
WKH VORWV $V GLVFXVVHG LQ >@ >@ >@ WKH PDJQHWLF ¿HOGV LQ
WKHVH VXEGRPDLQV KDYH D EDVLF VSDWLDO SHULRG RI WZLFH WKHLU
UHVSHFWLYH RSHQLQJ DQJOHV 2δ IRU WKH VORW RSHQLQJV DQG 2ε
IRU WKH VORWV 7KH φGHSHQGHQW SDUW RI WKH PDJQHWLF YHFWRU
SRWHQWLDO LV WKHQ ZULWWHQ DV{
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7R DYRLG FRQIXVLRQ D GLIIHUHQW QRWDWLRQ IRU WKH VSDWLDO
KDUPRQLF RUGHU LV XVHG u DQG v LQVWHDG RI k 1RWH DV ZHOO
WKDW WKH VWDUWLQJ DQJOHV RI WKH VORW RSHQLQJ DQG WKH VORW VKRZQ
LQ )LJ  DUH VXEWUDFWHG IURP WKH DQJXODU FRRUGLQDWH 7KLV LV
GRQH WR HDVLO\ FRPSO\ ZLWK WKH LPSRVHG ERXQGDU\ FRQGLWLRQV
>@ >@ >@
7KH VSDWLDO GLYLVLRQ RI WKH PDFKLQH¶V JHRPHWU\ KDV QR HIIHFW
RQ WKH EDVLF WLPH SHULRG 7KH tGHSHQGHQW SDUW ZLOO DOZD\V
EH ZULWWHQ DV e−jnωmt
7KH DERYH LPSOLHV WKDW WKH PDJQHWLF YHFWRU SRWHQWLDO LQ HYHU\
VXEGRPDLQ FDQ EH ZULWWHQ DV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:KHUH T (ν) LV WKH VXEGRPDLQ¶V VSDWLDO SHULRG LH 2δ LQ WKH
VORW RSHQLQJV 2 LQ WKH VORWV DQG 2π LQ WKH RWKHU VXEGRPDLQV
7KH VWDUWLQJ DQJOH RI VXEGRPDLQ ν LH δi LQ WKH VORW RSHQLQJV
i LQ WKH VORWV DQG 0 LQ WKH RWKHU VXEGRPDLQV LV LQGLFDWHG DV
φ
(ν)
0 
$ PRUH H[WHQVLYH GHVFULSWLRQ RI WKH VXEGRPDLQ WHFKQLTXH LV
SURYLGHG LQ >@±>@ DQG LV EH\RQG WKH VFRSH RI WKLV ZRUN
& 7LPH KDUPRQLFV YHUVXV WLPH VWHSSLQJ
,Q WKH DERYH WKH WLPHGHSHQGHQF\ RI WKH PDJQHWLF ¿HOG
ZDV GLUHFWO\ WDNHQ LQWR DFFRXQW UHVXOWLQJ LQ WLPHGHSHQGHQW
HTXDWLRQV IRU WKH PDJQHWLF YHFWRU SRWHQWLDO  7KH PDLQ
DGYDQWDJH RI WKLV DSSURDFK LV WKDW WKH HGG\FXUUHQW UHDFWLRQ
¿HOG FDQ EH WDNHQ LQWR DFFRXQW ,QGHHG LQ RUGHU WR FRQVLGHU
WKH HIIHFW RI WKH HGG\FXUUHQWV LQ D FHUWDLQ VXEGRPDLQ WKH
WLPHGHULYDWLYH WHUP RI  KDV WR EH DGRSWHG LQ LWV VLPSOL
¿HG GLIIHUHQWLDO HTXDWLRQ 7KLV LV RQO\ SRVVLEOH LI WKH WLPH
GHSHQGHQF\ LV GLUHFWO\ WDNHQ LQWR DFFRXQW 7KLV WHFKQLTXH LV
UDWKHU QHZ ,W KDV EHHQ XVHG WR FDOFXODWH WKH ¿HOG LQ 3060V
ZLWK D VKLHOGLQJ F\OLQGHU >@ >@ DQG WR FRPSXWH WKH HGG\
FXUUHQW ORVVHV LQ WKH VWDWRU FRQGXFWRUV >@ ,W FRXOG DOVR EH
XVHG WR EXLOG )RXULHUEDVHG PRGHOV RI LQGXFWLRQ PDFKLQHV
ZKLFK KDV UHFHQWO\ EHHQ GRQH E\ %RXJKUDUD HW DO >@ >@
$Q DOWHUQDWLYH IRU WKH GLUHFW WLPHGHSHQGHQF\ LV WDNLQJ WKH
WLPH GHSHQGHQF\ LQWR DFFRXQW WKURXJK WLPH VWHSSLQJ 7KH
EDVLF WLPH SHULRG LV WKHQ GLYLGHG LQ D QXPEHU RI VWHSV
$W HDFK RI WKHVH WLPH LQVWDQWV WKH FXUUHQW GHQVLW\ DQG WKH
SRVLWLRQ RI WKH PDJQHWV DUH XSGDWHG DQG WKH PDJQHWLF ¿HOG LV
FRPSXWHG ZLWKRXW WDNLQJ LQWR DFFRXQW WKH WLPHGHSHQGHQF\
7KLV PHWKRG LV DWWUDFWLYH EHFDXVH LW LV UHODWLYHO\ VLPSOH DQG
DV ORQJ DV WKH UHTXLUHG QXPEHU RI WLPH VWHSV LV OLPLWHG

GHPDQGV OLWWOH FRPSXWDWLRQDO WLPH ,W KDV EHHQ XVHG E\ D
ODUJH QXPEHU RI DXWKRUV IRU YDULRXV PDFKLQH WRSRORJLHV >@±
>@ >@
6LQFH GLUHFWO\ WDNLQJ LQWR DFFRXQW WKH WLPH GHSHQGHQF\ LV
WKH PRVW JHQHUDO PHWKRG LW ZLOO EH XVHG LQ WKH UHVW RI WKLV
ZRUN 7KH UHVXOWV DSSO\ WR PRGHOV WKDW XVH WLPHVWHSSLQJ LI
WKH WLPHKDUPRQLF RUGHU (n) LV DVVXPHG WR EH 
,,, +$5021,& &217(17 ,1 6<1&+521286 (/(&75,&$/
0$&+,1(6
,Q  HYHU\ WLPH DQG VSDWLDOKDUPRQLF RUGHU LV FRQ
VLGHUHG +RZHYHU XVXDOO\ QRW HYHU\ KDUPRQLF FRPELQDWLRQ
LV SUHVHQW LQ WKH PDFKLQH¶V PDJQHWLF ¿HOG 0RUHRYHU WKH
KDUPRQLF FRQWHQW RI V\QFKURQRXV HOHFWULFDO PDFKLQHV FDQ
EH SUHGLFWHG $Q H[WHQVLYH GLVFXVVLRQ RQ WKLV SUHGLFWLRQ LV
EH\RQG WKH VFRSH RI WKLV ZRUN EXW D EULHI LQWURGXFWLRQ RQ
WKH WRSLF ZLOO EH SUHVHQWHG LQ WKH IROORZLQJ VR WKDW WKH UHVXOWV
FDQ EH XVHG LQ 6HFWLRQ ,9
7KHUH DUH IRXU DVSHFWV WKDW GH¿QH WKH PDFKLQH¶V KDUPRQLF
FRQWHQW WKH SHUPDQHQW PDJQHWV WKH VWDWRU FXUUHQWV WKH
ZLQGLQJ GLVWULEXWLRQ DQG WKH PDFKLQH¶V JHRPHWU\ 7KHVH IRXU
DVSHFWV FDQ EH GLYLGHG LQ WZR FDWHJRULHV WKH VRXUFH WHUPV LH
WKH PDJQHWV DQG WKH VWDWRU FXUUHQWV DQG WKH VSDWLDO DVSHFWV
LH WKH PDFKLQH¶V JHRPHWU\ DQG WKH ZLQGLQJ GLVWULEXWLRQ
7KH VRXUFH WHUPV GHWHUPLQH ZKLFK WLPHKDUPRQLF RUGHUV DUH
SUHVHQW LQ WKH PDFKLQH¶V PDJQHWLF ¿HOG ,QGHHG WKH\ FDQ RQO\
LQWURGXFH WLPHKDUPRQLF RUGHUV WKDW DUH SUHVHQW LQ WKHLU RZQ
KDUPRQLF VSHFWUXP hm IRU WKH PDJQHWV DQG hc IRU WKH VWDWRU
FXUUHQWV %DVHG RQ WKH WLPH KDUPRQLF FRQWHQW WKH VSDWLDO
DVSHFWV GHWHUPLQH WKH PDFKLQH¶V VSDWLDO KDUPRQLF FRQWHQW
7KH ODWWHU LV DUJXHG E\ QRWLQJ WKDW WKH PDFKLQH¶V PDJQHWLF
¿HOG ZLOO EH HTXDO EXW URWDWHG RYHU D FHUWDLQ DQJOH DIWHU D
JLYHQ WLPH VSDQ 7KLV URWDWLRQDO DQJOH DQG WLPH VSDQ DUH
GHWHUPLQHG E\ WKH PDFKLQH¶V VSDWLDO DVSHFWV
$ 1RORDG VLWXDWLRQ
7KH DERYH FDQ HDVLO\ EH H[SODLQHG IRU WKH QRORDG FDVH
RI D PDFKLQH ZLWK LGHQWLFDO VORWV ,I Ns LV WKH QXPEHU RI
VORWV WKH URWRU ZLOO KDYH URWDWHG RYHU RQH VORW SLWFK DIWHU Tm
NsVHFRQGV 7KH PDJQHWV DUH WKHQ URWDWHG RYHU 2π
Ns
PHFKDQLFDO
UDGLDQV ZKLOH WKH ÀX[ SURGXFHG E\ WKHVH PDJQHWV H[SHULHQFHV
WKH VDPH PDJQHWLF UHOXFWDQFH 7KLV PHDQV WKDW IURP WKH
VWDWRU SRLQW RI YLHZ WKH PDJQHWLF ¿HOG ZLOO EH LGHQWLFDO
EXW URWDWHG RYHU 2π
Ns
UDGLDQV 1RWH WKDW QRW HYHU\ HOHFWULFDO
PDFKLQH LV HTXLSSHG ZLWK Ns HTXDO VORWV +RZHYHU LI WKH
VORWV DUH XQHTXDO WKHUH LV DOZD\V D UHSHWLWLRQ LQ WKH VKDSH RI
WKH VORWV ,I WKHUH DUH Ns,eq VLPLODU VHWV RI Nt VXEVHTXHQW
VORWV WKH URWDWLRQDO DQJOH EHFRPHV 2π
Ns,eq
UDGLDQV DQG WKH
WLPH SHULRG EHFRPHV Tm
Ns,eq
VHFRQGV 7KLV FDQ EH H[SUHVVHG
PDWKHPDWLFDOO\
A(r, φ, t0) = A
(
r, φ+
2π
Ns,eq
, t0 +
Tm
Ns,eq
)

0RUHRYHU WKH DERYH LV YDOLG IRU HYHU\ KDUPRQLF FRPELQDWLRQ
VHSDUDWHO\
An,k(r)e
j(kφ−nωmt0) =
An,k(r)e
j
(
k
(
φ+ 2π
Ns,eq
)
−nωm
(
t0+
Tm
Ns,eq
)) 
&RQVLGHULQJ WKDW ωmTm = 2π  LPSOLHV D UHODWLRQ EHWZHHQ
WKH WLPH DQG VSDWLDOKDUPRQLF RUGHUV
k − n = cNs,eq 
ZKHUH c LV DQ LQWHJHU
7KLV PHDQV WKDW IRU WKH QRORDG VLWXDWLRQ WKH WLPHKDUPRQLF
RUGHUV DUH GHWHUPLQHG E\ WKH KDUPRQLF VSHFWUXP RI WKH PDJ
QHWV ZKLOH WKH PDFKLQH JHRPHWU\ LH WKH VORWV GHWHUPLQH WKH
SUHVHQW VSDWLDOKDUPRQLF RUGHUV 7KH KDUPRQLF FRPELQDWLRQV
WKHQ KDYH WR VDWLVI\  ZKLOH n ∈ hm
% $UPDWXUHUHDFWLRQ VLWXDWLRQ
)RU WKH DUPDWXUHUHDFWLRQ ¿HOG D VLPLODU DSSURDFK FDQ EH
PDGH 7KH WLPHKDUPRQLF RUGHUV LQ WKH PDJQHWLF ¿HOG DUH
QRZ GHWHUPLQHG E\ WKH KDUPRQLF VSHFWUXP RI WKH DSSOLHG
FXUUHQWV (n ∈ hc) /HW m EH WKH QXPEHU RI SKDVHV DQG τ
WKH PDFKLQH¶V SHULRG LH WKH JUHDWHVW FRPPRQ GLYLVRU RI
WKH QXPEHU RI SROH SDLUV (p) DQG WKH QXPEHU RI VORWV (Ns)
:KHQ WKH PDFKLQH¶V ZLQGLQJ LV GHWHUPLQHG XVLQJ WKH 626 LW
FRQWDLQV ςmτ VORW JURXSV DOVR NQRZQ DV SKDVH EHOWV :KHUH
ς = 1 RU ς = 2 GHSHQGLQJ RQ ZKHWKHU Ns
τ
LV RGG RU HYHQ 7KH
VSDWLDO VKLIW RI D VORW JURXS FRUUHVSRQGV WR WKH WLPH VKLIW RI
WKH FXUUHQWV ÀRZLQJ WKURXJK WKDW VORW JURXS 7KLV PHDQV WKDW
WKH PDFKLQH¶V PDJQHWLF ¿HOG ZLOO EH HTXDO EXW URWDWHG RYHU
RQH VORW JURXS DIWHU Tm
mτ
RU Tm2mτ VHFRQGV 7KDW SHULRGLFLW\ RIWKH DUPDWXUHUHDFWLRQ ¿HOG LV PDWKHPDWLFDOO\ H[SUHVVHG DV
An,k(r)e
j(kφ−nωmt0) =
An,k(r)e
j(k(φ+ 2πςmτ )−nωm(t0+
Tm
ςmτ ))

)URP ZKLFK WKH IROORZLQJ UHODWLRQ EHWZHHQ WKH WLPH DQG
VSDWLDOKDUPRQLF RUGHUV LV REWDLQHG
k − n = cςmτ 
7KLV PHDQV WKDW XQGHU DUPDWXUHUHDFWLRQ FRQGLWLRQV WKH KDU
PRQLF FRPELQDWLRQV LQ WKH PDJQHWLF ¿HOG KDYH WR VDWLVI\ 
ZKLOH n ∈ hc
& /RDG VLWXDWLRQ
)LQDOO\ VLQFH VDWXUDWLRQ LV QHJOHFWHG WKH ORDG ¿HOG LV
WKH VXSHUSRVLWLRQ RI WKH QRORDG DQG DUPDWXUHUHDFWLRQ ¿HOGV
7KH WLPHKDUPRQLF RUGHUV DUH QRZ LQWURGXFHG E\ ERWK WKH
URWRU PDJQHWV DQG WKH VWDWRU FXUUHQWV $V PHQWLRQHG WKH
HIIHFW RI WKH JHRPHWU\ LV DOUHDG\ LQFRUSRUDWHG LQ WKH ZLQGLQJ
GLVWULEXWLRQ 7KLV PHDQV WKDW GHSHQGLQJ RQ ZKHWKHU Ns
τ
LV
RGG RU HYHQ WKH PDJQHWLF ¿HOG LV LGHQWLFDO EXW URWDWHG RYHU

2π
mτ
RU π
mτ
PHFKDQLFDO UDGLDQV DIWHU Tm
mτ
RU Tm2mτ VHFRQGV )XUWKHUPRUH XQGHU ORDG FRQGLWLRQV WKH KDUPRQLF FRPELQDWLRQV
LQ WKH PDJQHWLF ¿HOG KDYH WR VDWLVI\ {
n ∈ hm RU n ∈ hc
k − n = cςmτ

$V D FRQFOXVLRQ LW FDQ EH VWDWHG WKDW WKH KDUPRQLF FRPELQD
WLRQV SUHVHQW LQ WKH PDJQHWLF ¿HOG RI D V\QFKURQRXV PDFKLQH
XQGHU ORDG FRQGLWLRQV FDQ EH SUHGLFWHG XVLQJ 
,9 +$5021,&6 $1' )285,(5%$6(' 02'(/6
$ GHPDQG IRU ORZ FRPSXWDWLRQDO WLPH LV RQH RI WKH PDMRU
UHDVRQV WR GHYHORS D )RXULHUEDVHG PRGHO 6XFK PRGHOV FDQ
LQGHHG EH YHU\ IDVW +RZHYHU WKHLU FRPSXWDWLRQDO WLPH LV
PDLQO\ GHWHUPLQHG E\ WKH DPRXQW RI LQWHJUDWLRQ FRQVWDQWV
WKDW KDYH WR EH FDOFXODWHG :KLFK LQ WXUQ GHSHQGV RQ WKH
DPRXQW RI KDUPRQLF FRPELQDWLRQV WKDW DUH WDNHQ LQWR DFFRXQW
6LQFH PRUH DFFXUDF\ LPSOLHV PRUH KDUPRQLF FRPELQDWLRQV
D VWULFW GHPDQG IRU DFFXUDF\ PD\ UHVXOW LQ XQDFFHSWDEOH
FRPSXWDWLRQDO WLPHV 7KLV LV HVSHFLDOO\ WUXH IRU PRGHOV WKDW
GLUHFWO\ WDNH LQWR DFFRXQW WKH WLPH GHSHQGHQF\ DQG IRU PRGHOV
ZKLFK¶ SXUSRVH LV DQ RSWLPL]DWLRQ SURFHGXUH
7KH JHRPHWU\ DOVR KDV DQ LPSDFW RQ WKH FRPSXWDWLRQDO WLPH
,QGHHG LQ VORWWHG PDFKLQHV HYHU\ VORW RSHQLQJ DQG HYHU\
VORW LV D VHSDUDWH VXEGRPDLQ 7KLV LPSOLHV WKDW WKH QXPEHU RI
VORWV JUHDWO\ DIIHFWV WKH DPRXQW RI LQWHJUDWLRQ FRQVWDQWV DQG
WKHUHE\ WKH FRPSXWDWLRQDO WLPH
7KH JRDO RI WKLV VHFWLRQ LV WR UHGXFH WKH FRPSXWDWLRQDO WLPH
RI )RXULHUEDVHG PRGHOV ZLWKRXW DIIHFWLQJ WKH DFFXUDF\ 7R
GR VR WKH ¿QGLQJV IURP WKH SUHYLRXV VHFWLRQV DUH DSSOLHG
,Q D ¿UVW SDUW WKH KDUPRQLF FRPELQDWLRQV DUH UHGXFHG XVLQJ
  DQG  ,Q WKH VHFRQG SDUW WKH LQWHUGHSHQGHQF\ RI
WKH VORWV LV GLVFXVVHG 7KLUGO\ WKH UHDO QDWXUH RI WKH PDJQHWLF
YHFWRU SRWHQWLDO LV GLVFXVVHG
$ +DUPRQLF FRPELQDWLRQV
:KHQ VLPXODWLQJ D PDFKLQH ZLWK WKH XVH RI D )RXULHU
EDVHG PRGHO WKH QXPEHU RI FRQVLGHUHG WLPH DQG VSDWLDO
KDUPRQLF RUGHUV LV DOZD\V OLPLWHG 7KH FXWRII KDUPRQLF
RUGHUV LH KLJKHVW WLPH DQG VSDWLDO KDUPRQLFV WKDW DUH WDNHQ
LQWR DFFRXQW KDYH WR EH FDUHIXOO\ FKRVHQ 2Q WKH RQH KDQG
D VXI¿FLHQW DPRXQW RI KDUPRQLF RUGHUV LV UHTXLUHG WR REWDLQ
DFFXUDWH UHVXOWV 2Q WKH RWKHU KDQG WKH DPRXQW RI FRQVLGHUHG
KDUPRQLF RUGHUV VKRXOG EH DV ORZ DV SRVVLEOH LQ RUGHU WR DYRLG
H[FHVVLYH FRPSXWDWLRQDO WLPHV +RZHYHU E\ DSSO\LQJ WKH UH
VXOWV RI 6HFWLRQ ,,, WKH DPRXQW RI KDUPRQLF FRPELQDWLRQV FDQ
EH UHGXFHG ZLWKRXW DIIHFWLQJ WKH DFFXUDF\ ,QGHHG GHSHQGLQJ
RQ WKH VLWXDWLRQ WKH ¿HOG FRPSRQHQWV UHODWHG WR KDUPRQLF
FRPELQDWLRQV WKDW GR QRW VDWLVI\ WKH UHTXLUHPHQWV LPSRVHG LQ
  RU  ZLOO EH ]HUR 7KHVH FRPELQDWLRQV FDQ WKXV
EH GLVUHJDUGHG
1RWH WKDW WKH LPSRVHG UHODWLRQV EHWZHHQ WKH WLPH DQG VSDWLDO
KDUPRQLF FRPELQDWLRQV ZHUH IRXQG DVVXPLQJ D EDVLF VSDWLDO
SHULRG RI 2π PHFKDQLFDO UDGLDQV 7KH\ DUH WKHUHIRUH QRW YDOLG
LQ WKH VORW RSHQLQJV DQG WKH VORWV RI D VORWWHG PDFKLQH
% ,QWHUGHSHQGHQFH RI WKH VORWV
$OWKRXJK   DQG  GR QRW DSSO\ WR WKH PDJQHWLF
YHFWRU SRWHQWLDO LQ WKH VORWV DQG WKH VORW RSHQLQJV WKH WLPH
SHULRGLFLWLHV IRXQG LQ 6HFWLRQ ,,, DUH VWLOO YDOLG IRU WKH
PDFKLQH¶V WRWDO PDJQHWLF ¿HOG
(TXDWLRQ  LPSOLHV WKDW XQGHU QRORDG FRQGLWLRQV WKH PDJ
QHWLF ¿HOG LQ VORW RSHQLQJ i + Nt ODJV WKH PDJQHWLF ¿HOG LQ
VORW RSHQLQJ i E\ Tm
Ns,eq
VHFRQGV $ UHODWLRQ FDQ WKHQ EH IRXQG
EHWZHHQ WKH PDJQHWLF YHFWRU SRWHQWLDO LQ WKHVH VORW RSHQLQJV
A(4i)(r, φ, t0) = A
(4i+Nt)
(
r, φ+
2π
Ns,eq
, t0 +
Tm
Ns,eq
)

:KLFK LV DJDLQ YDOLG IRU HYHU\ KDUPRQLF FRPELQDWLRQ VHSD
UDWHO\
A(4i)n,u (r)e
j(uπε (φ−εi)−nωmt0) =
A(4i+Nt)n,u (r)e
j
(
uπ
ε
(φ+ 2π
Ns,eq
−εi+Nt )−nωm
(
t0+
Tm
Ns,eq
))

DQG VLQFH εi+Nt = εi + 2πNs,eq 
A(4i)n,u (r) = A
(4i+Nt)
n,u (r)e
−jn 2π
Ns,eq 
$ VLPLODU UHODWLRQ FDQ EH IRXQG EHWZHHQ WKH )RXULHU FRHI¿
FLHQWV RI WKH VORWV
A(5i)n,v (r) = A
(5i+Nt)
n,v (r)e
−jn 2π
Ns,eq 
)RU WKH DUPDWXUHUHDFWLRQ DQG ORDG ¿HOGV D VLPLODU SHULRGLFLW\
ZDV IRXQG $QDORJRXVO\ DV LQ WKH DERYH WKH IROORZLQJ
UHODWLRQV FDQ EH IRXQG
A(4i)n,u (r) = A
(4i+ Ns
ςmτ
)
n,u (r)e
−jn 2π
ςmτ 
DQG
A(5i)n,v (r) = A
(5i+ Ns
ςmτ
)
n,v (r)e
−jn 2π
ςmτ 
(TXDWLRQV  VKRZ D UHODWLRQ EHWZHHQ WKH )RXULHU
FRHI¿FLHQWV RI GLIIHUHQW VORW RSHQLQJV DQG VORWV 7KLV LP
SOLHV WKDW IHZHU FRHI¿FLHQWV KDYH WR EH FDOFXODWHG XVLQJ
WKH ERXQGDU\ FRQGLWLRQ HTXDWLRQV ZKLFK UHVXOWV LQ D ORZHU
FRPSXWDWLRQDO WLPH 7KLV ORZHU FRPSXWDWLRQDO WLPH LV DJDLQ
DFKLHYHG ZLWKRXW ORVV RI DFFXUDF\
& 5HDO IXQFWLRQV
$OWKRXJK  FRQWDLQV FRPSOH[ FRPSRQHQWV WKH PDJQHWLF
YHFWRU SRWHQWLDO DQG WKH PDJQHWLF VFDODU SRWHQWLDO DUH UHDO
IXQFWLRQV 7KLV LPSOLHV WKDW WKH )RXULHU FRHI¿FLHQWV OLQNHG
WR KDUPRQLF FRPELQDWLRQV (n, k) DQG (−n,−k) KDYH WR EH
FRPSOH[ FRQMXJDWH )RU WKH PDJQHWLF YHFWRU SRWHQWLDO WKLV
LPSOLHV
A
(ν)
n,k(r) =
(
A
(ν)
−n,−k(r)
)
∗


1RWH WKDW WKLV LV YDOLG IRU HYHU\ ν
7KH DERYH UHODWLRQ LPSOLHV WKDW RQO\ KDOI RI WKH LQWHJUDWLRQ
FRQVWDQWV KDYH WR EH FDOFXODWHG ZKLFK UHVXOWV LQ D ODUJH
UHGXFWLRQ LQ WKH FRPSXWDWLRQDO WLPH
9 9$/,'$7,21 $1' %(1&+0$5.,1*
7R YDOLGDWH WKH VWDWHPHQWV PDGH LQ 6HFWLRQ ,9 DQ H[DPSOH
PDFKLQH LV VLPXODWHG XVLQJ WKH PRGHO GHVFULEHG LQ >@ 'XU
LQJ WKLV VLPXODWLRQ RQO\ WKH KDUPRQLF FRPELQDWLRQV VDWLVI\LQJ
 DQG  ZHUH FRQVLGHUHG 7KH )RXULHU FRHI¿FLHQWV RI
WKH PDJQHWLF ¿HOG LQ WKH VORWV ZHUH FDOFXODWHG XVLQJ  DQG
 7KH PDFKLQH¶V SDUDPHWHUV DUH OLVWHG LQ 7DEOH , 7KH
PDJQHWV DUH UDGLDOO\ PDJQHWL]HG DQG WKH DSSOLHG FXUUHQW LV
VLQXVRLGDO
7$%/( , 3DUDPHWHUV RI WKH VWXGLHG PDFKLQH
6\PERO 3DUDPHWHU 9DOXH
r1 5RWRU \RNH UDGLXV  PP
r2 3HUPDQHQW PDJQHW UDGLXV  PP
r3 6KLHOGLQJ F\OLQGHU UDGLXV  PP
r4 $LU JDS RXWHU UDGLXV  PP
r5 6ORW RXWHU UDGLXV  PP
r6 0DFKLQH RXWHU UDGLXV  PP
Ns 1XPEHU RI VORWV 
w 1XPEHU RI ZLQGLQJV SHU VORW 
δ 6ORW RSHQLQJ DQJOH 0.6 2π
N
UDG
Brem 5HPDQHQW PDJQHWLF LQGXFWLRQ 1.2 7
p 1XPEHU RI SROH SDLUV 2
ϕm 0DJQHW VSDQ 0.8πp UDG
I ([WHUQDOO\ LPSRVHG FXUUHQW DPSOLWXGH  $
f (OHFWULFDO IUHTXHQF\  +]
σ2 &RQGXFWLYLW\ RI WKH 6& 4.83 · 107 ΩP
1RWH WKDW WKH PDFKLQH XQGHU FRQVLGHUDWLRQ VKRZQ LQ )LJ 
KDV QR VHPLFORVHG VORWV
7KH KLJKHVW WLPH DQG VSDWLDOKDUPRQLF RUGHUV DUH VHW WR
 7KH LQGXFWLRQ LQ WKH DLU JDS FDQ EH FDOFXODWHG XVLQJ
WKH GH¿QLWLRQ RI WKH PDJQHWLF YHFWRU SRWHQWLDO 7KH UHVXOW LV
FRPSDUHG WR ¿QLWHHOHPHQW FDOFXODWLRQV LQ )LJ  7KH JRRG
DJUHHPHQW EHWZHHQ DQDO\WLFDO DQG ¿QLWHHOHPHQW FDOFXODWLRQV
FRQ¿UPV WKH ¿QGLQJV IURP 6HFWLRQV ,,, DQG ,9
7R JHW DQ LGHD RI KRZ WKH SHUIRUPHG VWXG\ FDQ DIIHFW WKH
FRPSXWDWLRQDO WLPH RI )RXULHUEDVHG PRGHOV WKH LQWHJUDWLRQ
FRQVWDQWV RI WKH PDFKLQH ZHUH FRPSXWHG ERWK ZLWK WKH
VWDQGDUG PRGHO ZKLFK WDNHV LQWR DFFRXQW HYHU\ SRVVLEOH
KDUPRQLF FRPELQDWLRQ DQG ZLWK WKH RSWLPL]HG PRGHO ZKLFK
RQO\ FRQVLGHUV WKH SUHVHQW KDUPRQLF FRPELQDWLRQV 7KH FDO
FXODWLRQV ZHUH SHUIRUPHG RQ D 3& ZLWK  *% 5$0 DQG
D TXDGFRUH SURFHVVRU WKDW KDV D FORFN UDWH RI  *+]
1RWH WKDW WKH FDOFXODWLRQV ZHUH SHUIRUPHG RQ RQH FRUH 7KH
UHVXOWLQJ FRPSXWDWLRQDO WLPHV DUH VKRZQ LQ )LJ  IRU GLIIHUHQW
DFFXUDFLHV LH GLIIHUHQW FXWRII KDUPRQLFV )LJ  DOVR VKRZV
WKH FRPSXWDWLRQDO WLPH RI D ¿QLWHHOHPHQW PRGHO IRU WKH VDPH
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)LJ  5DGLDO FRPSRQHQW RI WKH PDJQHWLF LQGXFWLRQ
PDFKLQH 7KLV )( PRGHO ZDV FRQVWUXFWHG ZLWK D FRPPHUFLDO
VRIWZDUH SDFNDJH DQG LWV PHVK ZDV RSWLPL]HG WR UHGXFH WKH
FRPSXWDWLRQDO WLPH
,W LV FOHDU WKDW WKH GLIIHUHQFH EHWZHHQ WKH VWDQGDUG PRGHO DQG
WKH RSWLPL]HG PRGHO LV YHU\ ODUJH WKH RSWLPL]HG PRGHO LV XS
WR  WLPHV IDVWHU 7KH VWDQGDUG PRGHO LV HYHQ VORZHU WKDQ
WKH )(0 2EYLRXVO\ WKLV LV XQDFFHSWDEOH 0RUHRYHU DW WKH
KLJKHVW DFFXUDFLHV WKH 3& UDQ RXW RI PHPRU\ 7KLV H[SODLQV
ZK\ WKHUH DUH QR FRPSXWDWLRQDO WLPHV IRU WKH VWDQGDUG PRGHO
DW YHU\ KLJK DFFXUDFLHV ,W LV WKXV FOHDU WKDW WKH UHVXOWV RI WKLV
ZRUN FDQ EH XVHG WR JUHDWO\ UHGXFH WKH FRPSXWDWLRQDO WLPH RI
)RXULHUEDVHG DQDO\WLFDO PRGHOV IRU V\QFKURQRXV PDFKLQHV
9, &21&/86,216
7KLV ZRUN VWDUWHG ZLWK DQ LQWURGXFWLRQ RQ )RXULHUEDVHG
PRGHOLQJ LQ 6HFWLRQ ,, DQG WKH EDVLFV RQ KDUPRQLF FRQWHQW

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)LJ  &RPSDULVRQ RI WKH FRPSXWDWLRQDO WLPH
RI V\QFKURQRXV HOHFWULFDO PDFKLQHV LQ 6HFWLRQ ,,,
8VLQJ WKH LQIRUPDWLRQ IURP WKHVH WZR VHFWLRQV DQG VRPH
JHQHUDO FRQVLGHUDWLRQV RQ WKH PDJQHWLF ¿HOG WKUHH VLPSOH
WHFKQLTXHV WR UHGXFH WKH FRPSXWDWLRQDO WLPH RI )RXULHU
EDVHG PRGHOV IRU V\QFKURQRXV PDFKLQHV ZHUH SURSRVHG LQ
6HFWLRQ ,9 $ ¿UVW WHFKQLTXH LV WR RQO\ FRQVLGHU WKH KDUPRQLF
FRPELQDWLRQV WKDW DUH DFWXDOO\ SUHVHQW LQ WKH PDJQHWLF ¿HOG
6HFRQGO\ D UHODWLRQ EHWZHHQ WKH PDJQHWLF ¿HOG LQ GLIIHUHQW
VORWV FDQ EH IRXQG 7KLV UHODWLRQ UHGXFHV WKH DPRXQW RI
LQWHJUDWLRQ FRQVWDQW WKDW KDYH WR EH FDOFXODWHG )LQDOO\ LW ZDV
DUJXHG WKDW WKH DX[LOLDU\ TXDQWLWLHV WKDW GHVFULEH WKH PDJQHWLF
¿HOG KDYH WR EH UHDO 7KLV DOVR LPSRVHV D UHODWLRQ EHWZHHQ
GLIIHUHQW LQWHJUDWLRQ FRQVWDQWV
7KH DERYH GHVFULEHG WHFKQLTXHV ZHUH VXFFHVVIXOO\ YDOLGDWHG
XVLQJ D )(0 )LQDOO\ D EHQFKPDUN WHVW ZDV GRQH WR FRPSDUH
WKH FRPSXWDWLRQDO WLPH RI WKH VWDQGDUG )RXULHUEDVHG PRGHO
ZLWK WKH RSWLPL]HG PRGHO $ KXJH UHGXFWLRQ LQ FRPSXWDWLRQDO
WLPH ZDV QRWHG 0RUHRYHU LW ZDV VKRZQ WKDW WKH PHPRU\
XVDJH LV GHFUHDVHG DV ZHOO ,W VKRXOG KRZHYHU EH QRWHG WKDW
WKH FRPSDULVRQ ZDV GRQH IRU PRGHOV WKDW GLUHFWO\ WDNH LQWR
DFFRXQW WKH WLPHGHSHQGHQF\ 7KH JDLQ ZLOO EH VPDOOHU LQ
PRGHOV WKDW XVH WLPHVWHSSLQJ 1HYHUWKHOHVV LQ RSWLPL]DWLRQ
SURFHGXUHV IRU H[DPSOH VXFK D VPDOO UHGXFWLRQ RI WKH UH
TXLUHG FRPSXWDWLRQDO UHVRXUFHV PLJKW EH FULWLFDO 0RUHRYHU
VWXG\LQJ WKH SUHVHQFH RI KDUPRQLF FRPELQDWLRQV DOVR UHVXOWV
LQ D EHWWHU LQVLJKW LQ WKH PDFKLQH¶V RSHUDWLRQ
7KH SUHVHQWHG ZRUN WKHUHE\ FRQWULEXWHV WR WKH GHYHORSPHQW
RI D IDVWHU VLPXODWLRQ WRRO DQG WR WKH XQGHUVWDQGLQJ RI
V\QFKURQRXV PDFKLQHV
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>@ = =KX / - :X DQG = ;LD ³$Q DFFXUDWH VXEGRPDLQ PRGHO IRU PDJ
QHWLF ¿HOG FRPSXWDWLRQ LQ VORWWHG VXUIDFHPRXQWHG SHUPDQHQWPDJQHW
PDFKLQHV´ ,((( 7UDQVDFWLRQV RQ 0DJQHWLFV YRO  QR  SS ±
 $SU 
>@ = =KX ' +RZH DQG & &KDQ ³,PSURYHG DQDO\WLFDO PRGHO IRU
SUHGLFWLQJ WKH PDJQHWLF ¿HOG GLVWULEXWLRQ LQ EUXVKOHVV SHUPDQHQWPDJQHW
PDFKLQHV´ ,((( 7UDQVDFWLRQV RQ 0DJQHWLFV YRO  QR  SS ±
 -DQ 
>@ % / - *\VHQ . 0HHVVHQ - - + 3DXOLGHV DQG ( /RPRQRYD ³*HQ
HUDO IRUPXODWLRQ RI WKH HOHFWURPDJQHWLF ¿HOG GLVWULEXWLRQ LQ PDFKLQHV
DQG GHYLFHV XVLQJ IRXULHU DQDO\VLV´ ,((( 7UDQVDFWLRQV RQ 0DJQHWLFV
YRO  QR  SS ± -DQ 
>@ 6 5 +ROP + 3ROLQGHU DQG - )HUUHLUD ³$QDO\WLFDO PRGHOLQJ RI D
SHUPDQHQWPDJQHW V\QFKURQRXV PDFKLQH LQ D À\ZKHHO´ ,((( 7UDQVDF
WLRQV RQ 0DJQHWLFV YRO  QR  SS ± 0D\ 
>@ % +DQQRQ 3 6HUJHDQW DQG / 'XSUH ³G DQDO\WLFDO VXEGRPDLQ PRGHO
RI D VORWWHG 3060 ZLWK VKLHOGLQJ F\OLQGHU´ ,((( 7UDQVDFWLRQV RQ
0DJQHWLFV YRO  QR  SS ± 
>@ 7 /XELQ 6 0H]DQL DQG $ 5H]]RXJ ³G H[DFW DQDO\WLFDO PRGHO
IRU VXUIDFHPRXQWHG SHUPDQHQWPDJQHW PRWRUV ZLWK VHPLFORVHG VORWV´
,((( 7UDQVDFWLRQV RQ 0DJQHWLFV YRO  QR  SS ± )HE 
>@ 3 $UXPXJDP ) 'XEDV DQG & *HUDGD ³(VWLPDWLRQ RI HGG\ FXUUHQW ORVV
LQ VHPLFORVHG VORW YHUWLFDO FRQGXFWRU SHUPDQHQW PDJQHW V\QFKURQRXV
PDFKLQHV FRQVLGHULQJ HGG\ FXUUHQW UHDFWLRQ HIIHFW´ ,((( 7UDQV 0DJQ
YRO  QR  SS ± 2FW 
>@ . %RXJKUDUD 1 7DNRUDEHW 5 ,EWLRXHQ DQG 2 7RXKDPL ³$QDO\WLFDO
DQDO\VLV RI FDJH URWRU LQGXFWLRQ PRWRUV LQ KHDOWK\ GHIHFWLYH DQG EURNHQ
EDUV FRQGLWLRQV´ ,((( 7UDQV 0DJQ YRO (DUO\ $FFHV SS ± $XJ

>@ . %RXJKUDUD 7 +DPLWL DQG 5 ,EWLRXHQ ³G DQDO\WLFDO SUHGLFWLRQ RI
HGG\FXUUHQWV FLUFXLW PRGHO SDUDPHWHUV DQG VWHDG\ VWDWHV SHUIRUPDQFHV
LQ VROLG URWRU LQGXFWLRQ PRWRUV´ ,((( 7UDQV 0DJQ YRO (DUO\ $FFHV
SS ± -XO 
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%HUW +DQQRQ UHFHLYHG WKH 06F GHJUHH LQ HOHFWURWHFKQLFDO HQJLQHHULQJ LQ
 IURP WKH 8QLYHUVLW\ &ROOHJH *KHQW *KHQW %HOJLXP ,Q  KH VWDUWHG
D 3K' VWXG\ DW WKH (OHFWULFDO (QHUJ\ /DERUDWRU\ RI *KHQW 8QLYHUVLW\ +LV
UHVHDUFK LQWHUHVWV OLHV LQ WKH DQDO\WLFDO PRGHOLQJ RI HOHFWULF PDFKLQHV ZLWK
D IRFXV RQ KLJKVSHHG PDFKLQHV
3HWHU 6HUJHDQW UHFHLYHG WKH 06F GHJUHH LQ HOHFWURPHFKDQLFDO HQJLQHHULQJ
LQ  DQG WKH 3K' GHJUHH LQ HQJLQHHULQJ VFLHQFHV LQ  ERWK IURP
*KHQW 8QLYHUVLW\ *KHQW %HOJLXP ,Q  KH EHFDPH D UHVHDUFKHU DW WKH
(OHFWULFDO (QHUJ\ /DERUDWRU\ RI *KHQW 8QLYHUVLW\ +H EHFDPH D SRVWGRFWRUDO
UHVHDUFKHU DW *KHQW 8QLYHUVLW\ LQ  SRVWGRFWRUDO IHOORZ RI WKH 5HVHDUFK
)RXQGDWLRQ  )ODQGHUV DQG DW *KHQW 8QLYHUVLW\ &ROOHJH LQ  6LQFH 
KH LV DVVRFLDWH SURIHVVRU DW *KHQW 8QLYHUVLW\ +LV FXUUHQW UHVHDUFK LQWHUHVWV
LQFOXGH QXPHULFDO PHWKRGV LQ FRPELQDWLRQ ZLWK RSWLPL]DWLRQ WHFKQLTXHV WR
GHVLJQ QRQOLQHDU HOHFWURPDJQHWLF V\VWHPV LQ SDUWLFXODU HOHFWULFDO PDFKLQHV
IRU VXVWDLQDEOH HQHUJ\ DSSOLFDWLRQV
/XF 'XSUH UHFHLYHG WKH HOHFWULFDO DQG PHFKDQLFDO HQJLQHHULQJ GHJUHH DQG
WKH 3K' GHJUHH LQ DSSOLHG VFLHQFHV IURP WKH *KHQW 8QLYHUVLW\ %HOJLXP
LQ  DQG  UHVSHFWLYHO\ ,Q  KH MRLQHG WKH 'HSDUWPHQW RI
(OHFWULFDO (QHUJ\ 6\VWHPV DQG $XWRPDWLRQ *KHQW 8QLYHUVLW\ DV D UHVHDUFK
DVVLVWDQW ,Q  KH ZDV D SRVWGRFWRUDO UHVHDUFKHU IRU WKH )XQG RI 6FLHQWL¿F
5HVHDUFK)ODQGHUV DQG LQ  IRU VL[ PRQWKV D YLVLWLQJ SRVWGRFWRUDO IHOORZ
DW ,VWLWXWR (OHWWURWHFQLFR 1D]LRQDOH ¶*DOLOHR )HUUDULV¶ LQ 7RULQR ,WDO\ ,Q
 KH EHFDPH DQ DVVRFLDWH SURIHVVRU DW WKH )DFXOW\ RI (QJLQHHULQJ DQG
$UFKLWHFWXUH *KHQW 8QLYHUVLW\ DQG VLQFH  KH LV IXOO SURIHVVRU DW WKDW
IDFXOW\ +LV UHVHDUFK LQWHUHVWV PDLQO\ LQFOXGH QXPHULFDO PHWKRGV IRU ORZ
IUHTXHQF\ HOHFWURPDJQHWLVP LQ SDUWLFXODU IRU HOHFWULFDO PDFKLQHV PRGHOLQJ
DQG FKDUDFWHUL]DWLRQ RI VRIW PDJQHWLF PDWHULDOV PLFURPDJQHWLVP LQYHUVH
SUREOHPV DQG RSWLPL]DWLRQ LQ HOHFWURPDJQHWLVP

